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Abstract. This paper deals with the problem of fitting a discrete poly-
nomial curve to 2D noisy data. We use a discrete polynomial curve model
achieving connectivity in the discrete space. We formulate the fitting as
the problem to find parameters of this model maximizing the number of
inliers i.e., data points contained in the discrete polynomial curve. We
propose a method guaranteeing inclusion-wise maximality of its obtained
inlier set.

1 Introduction

Curve fitting to noisy data (i.e., containing outliers) is an essential task in many
applications such as object recognition, image segmentation and shape approxi-
mation. Continuous curve models have been used for fitting in most cases even
though data dealt with in a computer are discrete.

The method most commonly used for continuous curve fitting in the presence
of noise is RANdom SAmple Consensus (RANSAC) [1], which uses random
sampling to estimate model parameters, and then choose the ones having the
largest number of inliers, i.e., data points explained by the parameters. For its
robustness and simplicity, RANSAC is used in a wide range of problems in
computer vision. The main drawback of RANSAC (and most of its variants) is
however that it does not guarantee any deterministic properties on its output.
It also requires an empirical error threshold to define an inlier, which affects the
output. Another popular approach for the task is to use the Hough transform
[2,3], which allows to find model parameters consistent with many data points in
the space of the model parameters. This method however requires to manually
set the resolution to discretize the parameter space, which affects the output.

As long as a continuous curve model is fitted to discrete data, an error thresh-
old is required to determine if a data point is explained by the model. By using
a discrete curve model, on the other hand, we can define an inlier without an
empirical error threshold. A discrete curve model is defined as a set of discrete
points to represent a discretized curve. For curve discretization, it has been con-
sidered to be important to preserve the topological properties (e.g., connectivity)
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of an original curve [4-9]. For example, a Jordan curve (i.e., simple closed curve)
in a 2D image allows to partition the image into two connected regions. Such
a property is useful in computer graphics, computer vision and image process-
ing (see [10]), and therefore should be preserved in discretization. Based on the
idea, several discrete curve models have been developed [11-16] to achieve some
consistent topological properties in the discrete space. It is therefore preferable
to use such a model for curve fitting.

Curve fitting to noisy data in 2D has been studied for discrete lines [17-20],
discrete circles [21-24] and discrete polynomial curves [25]. For lines and circles,
models having connectivity have been used. For polynomial curves, on the other
hand, only one type of discrete polynomial curve model without guaranteeing any
topological property has been used. Discrete polynomial curve fitting therefore
has yet to be studied for a model having consistent topological properties.

In this paper we deal with the problem of fitting a discrete polynomial curve
to 2D noisy data. We use the discrete curve model introduced by Toutant et al.
[16] to define our discrete polynomial curve. This is because this model guar-
antees connectivity in the discrete space [26], and is closely related to the mor-
phological discretization [27-29]. To be precise, this model corresponds to the
morphological discretization with a structuring element called the k-adjacency
flake [15], which is defined for k¥ = 0,1 in 2D and achieves different topological
properties depending on k. Note that in this paper we limit ourselves to define
our discrete polynomial curve only for £ = 0. We formulate our problem as to
find parameters of this model that maximize the number of inliers, where an
inlier is defined as a point contained in the discrete polynomial curve.

We propose for this problem a method guaranteeing inclusion-wise maximal-
ity of its obtained inlier set (i.e., there exists no larger inlier set in the sense of
set inclusion). Note that an inclusion-wise maximal inlier set does not necessar-
ily have the maximum cardinality. Our method runs in the space of parameters
(coeflicients) of the discrete polynomial curve model. In the parameter space a
discrete polynomial curve is represented by a point, while a data point or a set
of data points gives a feasible region shaped like a polytope where any discrete
polynomial curve represented by a point in the region contains the data point(s).
Given any initial inlier set, the method adds new data points to the inlier set one
by one with tracking its feasible region in the parameter space, until inclusion-
wise maximality is achieved. The feasible region is generally an infinite set so
that it is impossible to store all its points in a computer. We solve this problem
by focusing only on a finite number of points corresponding to the notion of the
vertices of a polytope. Our method thus does not require any discretization of
the parameter space, which is a major difference from the Hough transform.

2 Problem Formulation

A continuous polynomial curve of degree d in the xy-plane is represented by
y— Z?:o ajz! = 0 with coefficients ag, ...,as_1 € R and ag € R\ {0}. Toutant
et al. [16] introduced its discretized form in Z?2, i.e., a discrete polynomial curve
D (ag, - ..aq) by
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Fig. 1. Discrete polynomial curve. (a) shows D (ao,...,aq) (red integer points) for

d = 2 and (ao,a1,az2) = (2.5,—2.25,0.5) with its continuous counterpart (depicted in
black). For (i,5) € Z* and s € {1,...,4}, (i + 5,7 + ys) is depicted in green, purple or
yellow: green if (5 4 ys) — S0, ai (i + x5)' > 0; purple if (5 4+ ys) — Sy ar (i + x5)' <
0; yellow if (j+uys) — Si gai(i+as) = 0. (4,§) € Z* is in D(ao,...,aq) if
{(z + 5,7+ Ys) | s=1,..., 4} contains green and purple points, or an yellow point.
In (b), (zs,ys) is depicted in red for s = 1,...,4. (Color figure online)
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D (a,...,aq) = 4 (i,j) € Z* <0< , (1)
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where (z1,y1) = (—%,—%), (T2,92) = (%7—%)’ (r3,93) = (%,%) and (v4,y4) =
(—%, %) See Fig.1 for an illustration of D (ag,...,aq).

Let P = {(ip, j,) € Z* ’ p=1,...,n} be a finite set (i.e., n < 0o) of integer
points (data). For a discrete polynomial curve D (ao,...,aq), a point (ip,jp)
(p=1,...,n) is called an inlier if (ip,jp) € D (ag, ..., aq), while otherwise it is
called an outlier. Our goal is to find D (ao, . . ., aq) that maximizes the number of
inliers for given data P and a degree d, where we permit a; = 0 so that discrete
polynomial curves of degree less than d are covered as well.

When d is fixed, D (ag, . - ., aq) is determined only by ag, . . ., aq. We therefore
consider the problem in the parameter space {(aq,...,aq)} = RI¥*! instead of
the data space Z? where P resides. A discrete polynomial curve in the data space
is represented as a point in the parameter space. A data point in P, on the other
hand, is represented as a region in the parameter space, which is defined as follows.

For p=1,...,n, we define the feasible region R, for the pth data (i, j,) by

6?11111 4 h’(p,s) (a07 ’ ad)
R, ={ (ag,...,aq) € R*™ <0< ) (2)
max he,s) (ao, ..., aq)
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Fig. 2. Feasible regions in the parameter space. (a) shows R, for d = 2 and (ip, jp) =
(1,0). Each point in the data space is represented in the parameter space by an
unbounded concave polytope like this. (b) shows intersections among the feasible regions
for four individual data points, which are indexed from 1 to 4. (ao,...,aq) in a darker
region has a larger number of inliers in the data space.

where
d

h(p,s) (a(Ju"'vad) = (];D +ys) - Z(ip+xs)lal~ (3)
1=0
See Fig. 2(a) for an illustration of R,. We remark that (ip,j,) € D (ao,. .., aq) iff
(ao,...,aq) € Rp.
We also define a feasible region for a set of data. For IT C {1,...,n}, we define
the feasible region Ry for the set {(ip, jp) ‘ p € I} of data by Ry = Nperr B
which is also written as

max glin 5 hip,s) (a0, - -, aq)

pell se{l,...,

R =< (ao, ..., aq) € R4? <0< )
min  max A, (ao, ..., aq)

pEll se{l,...,4}

We remark that R may be bounded or unbounded, convex or concave, and
connected or disconnected as can be seen in Fig.2(b) (e.g., R{1 2,3} is bounded
and convex, while R(5 4y is unbounded and disconnected).

Ry = 0ifno (ao,...,aq) € R4 satisfies (i, j,) € D (ag, ..., aq) for Vp € II.
Our problem is therefore formulated as follows.

Problem 1. Given P andd, find IT C {1,...,n} that has the maximum cardinality
providing Ry # 0, and (ag, . ..,aq) € R satisfying (ao,...,aq) € Ry for
that I1.

We remark that the solution I7 is not necessarily unique. In the example in
Fig. 2(b), the data index set IT that we would like to find is {1, 2, 3}.
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(a) F(p,s) =H (p,s)N (EPUEP), (b) Frz (p,s) = F (p,s) N R.

Fig. 3. Concepts to represent a flat part on the surface of a feasible region. In (b), IT =
{1,2,3}.

3 Properties of Feasible Regions

3.1 Concepts and Notations

Our approach to find an inclusion-wise maximal inlier set is as follows: starting
from an arbitrary IT C {1,...,n} satisfying Ry # 0, we iteratively search p €
{1,...,n} \ IT such that Ry () (= Rp N Ry) # 0 and add it to IT, where every
time we update I1 (II := ITU{p}) we compute its corresponding R ;. By repeating
this procedure until there is no such p, we can ensure an inclusion-wise maximal
inlier set. It is however impossible to store all points in R;7 in a computer, since Rr
is generally an infinite set when Ry # ). We therefore focus only a finite number of
points in Ry that correspond to the notion of the vertices of a polytope (Fig. 4).
As a vertex of a polytope is defined as an intersection point of flat parts on the
surface of the polytope called facets, we first need a notion for Ry corresponding
to a facet of a polytope.

Let p € {1,...,n} be any data index. For s = 1,...,4, we first define
H(p,s) = {(ao,...,aa) €R | h(, ) (ao,...,aq) =0}. H(p,s) is a hyper-
plane included in R, (Fig.3(a)), which determines a flat part on the surface

of R,. To represent the surface of R, we then define B, = {(ao,...,a4) €
R | mingegr, 4y hp,s) (a0, aq) = 0} and B, = {(ao,...,aq) € R |
max,c(1,.. 4} h(ps) (@0, .. .,aq) = 0}. B, and B, are the “lower” and “upper”

boundaries (with ag considered as the height) of R, (cf. Fig.3(a)). We remark

that B, is determined only by s = 1,2 while B, is determined only by s = 3,4,
and that B, N B), = ). The flat part of B, U B, (i.e., facet of ;) determined by
H (p,s), for s = 1,...,4, is then represented by F (p,s) = H (p,s) N (QP UEP)
(Fig. 3(a)). Note that B,UB, = Use{l,...,4} F(p,s).
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Fig. 4. CH ford =2and Il = {1, 2, 3} with (il,jl) = (—2, 3), (iz,jg) = (O, 0), (’ig,j;;) =
(2,5). Points in Cr are depicted in red. (Color figure online)

Let II C {1,...,n} be any set of data indices. Since Ry = (,¢ 7 Rp, the
flat part of the boundary of Ry (i.e., facet of Ry) determined by H (p, s), for
(p,s) € Ix{1,...,4},is obtained as a subset of F' (p, s). Namely, it is represented
by Fir (p,s) = F(p,s) N Rp. See Fig.3(b) for an illustration of Fyr (p,s). We
remark that Fiy (p, s) can be empty for some (p,s) € II x {1,...,4}.

We now define a subset of Rj; corresponding to the vertices of a polytope. In
R*1 d + 1 hyperplanes intersect at one point when their normal vectors are lin-
early independent. We therefore can specify a finite subset of Ry by enumerating
(ao, - -.,aq) € ﬂtll Frr (pa,sx) for all (p1,s1) ..., (Pa+1, $a+1) € I x {1,...,4}
such that H (p1,81),...,H (pa+1,Sa+1) are linearly independent. Namely, Cpy
identifies a subset (i.e., vertices) of Ry:

there exist
(a07 o 7ad) (p17 51) PRI (pd+17 Sd-‘rl) Gd{zlx {13 o 34}
Cnp= c Rd+1 such that (ao,...,ad) S mk:l Fr (p)\,S)\) . (5)
and H (p1,$1) ..., H (pa+1, Sa+1) are
linearly independent

See Fig. 4 for an illustration of Cj;. We remark that C; is a finite set since IT x
{1,...,4} has only a finite number of elements. We also define the family of sets
of d 4+ 1 elements of IT x {1,...,4} determining elements of Cpy:

H (pla 51) P 7H (pd+la Sd-‘rl)
{(p1,51)---,(Pdas1,S4+1)} | arelinearly independent and
C II x {1,...,4} | their intersection point is in

NAEL Frr (px, 51)

We remark that different sets in ¥;; may determine the same element of Cpy.

Un = (6)

3.2 Updated Feasible Region by an Additional Inlier

Here we give four properties of Ry (Theorems1-4) which are important for
enabling the approach described in the beginning of Sect. 3.1, where R is rep-
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resented by Cp;. We start with the following lemma required to prove three of
those properties, which states the condition for m (m = 1,...,d) flat parts
Frr (p1,81) -+ Fir (Pm, Sm) on the surface of Ry to contribute to determining
a point in Cjpy. The proof of this lemma is provided in Appendix A.

Lemma 1. Let II C {1,...,n} be a data index set such that Rp # O and
Ryr is bounded, and let (p1,51),..., (Pm;Sm) be m (m = 1,...,d) elements of
IT x {1,...,4}. There exists a set in Wiy containing (p1,81) ;- -+, (Pm, Sm) if (i)

m

\oy Frr (o, sx) # 0 and (i) H (p1,51) 5 - - - s H (Pm, Sm) are linearly independent.

Since Ry is represented by Cpr in our approach, it is important that Cp # 0
whenever Ry # (). This can be proven under the condition that Ry is bounded.
Note that ¥y # 0 is equivalent with Cpy # 0.

Theorem 1. For IT C {1,...,n} such that Ry # 0 and Ry is bounded, ¥y # ().

Proof. Tt is obvious that there exists (p, s) € II x {1,...,4} satisfying Fiy (p, s) #
(). From Lemma 1, then, there exists a set in ¥y containing (p, s). ¥y # (), accord-

ingly. a
From Theorem 1, for any IT C {1,...,n} such that Ry is bounded, we can
always obtain a point in Ry by computing Cpy. There are however (‘Z‘fll) ways to

pick d+1 different elements from IT x {1, ..., 4}, so that checking all those combi-
nations to compute C; is not practical for IT with a large number of elements. In
the following we give a relationship between ¥y and Wyzypy, forp € {1,...,n}\II,
with which we can reduce the computational cost for obtaining ¥z, when we
have ¥p7.

For IT C {1,...,n} and p € {1,...,n} \ II, we define &}; , to be the family
of sets each of whose set is obtained by replacing an element of a set in ¥j; with
(p,s) for s e {1,...,4}:

@1 — {(plasl)a"'v(pd7sd)} {(p1a51)7"'5(pdasd)} is a subset (7)
T.p U{(p,s)} | ofasetin¥yands=1,...,4 ’

We also define @%’p to be the family of sets each of whose set is obtained by replac-
ing two elements of a set in ¥y with (p, 1) and (p, 2), or (p,3) and (p,4):

{(p17 81) P (pd—la Sd—l)} is
I {p1;50) - (Pa-1, Sd_l,)} a subset of a set in ¥y . (8)
P Ui, s), @ s)} /
and (s,5') = (1,2), (3,4)
We then have the following relationship among ¥i7, ¥ru(py, @17, and OF .

Theorem 2. For II such that Ry is bounded, ¥y C Wi U @}Ip U @%’p.

Proof. We assume ¥,y # 0; otherwise the statement is obviously true. Let
Y = {(p1,51),--.,(Pa+1,54+1)} be aset in ¥,y We show o € ¥y U (15}“7 U
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@%’p. We assume that m of p1,...,pq+1 € IT U{p} are equal to p and the others
belong to IT. If ¢ contains (p, s) and (p,s) for any s € {1,2} and 5 € {3,4}, then
a Frrugpy (Pas 8x) = 0 from F (p,s) N F (p,5) = 0 (recall that F (p,s) C B,
F(p,5) C B, and B,N B, = 0), contradicting v € Yrru{p}- m > 3 is therefore
impossible, because in that case (p, s) and (p, 5) are necessarily contained in t). We
therefore have m < 2, where when m = 2 the two elements of ¢ corresponding to
p are either (p,1) and (p, 2), or (p,3) and (p, 4).
We first consider the case of m = 0. We then have (p1,$1),..., (Pd+1, Sa+1) €
IT x {1,...,4}. From ¥ € ¥ry4py, ﬂiill Frompy (pa,s2) # 0 and H (p1,51), .. .,
H (pa+1,5a+1) are linearly independent. Since Fiyr (px, sx) O Frrugpy (Pxssx) (A =
1,...,d+ 1), we have ﬂ‘i‘; Frr (px, sa) # 0. ¢ € ¥yg, consequently.
We next consider the case of m = 1,2. Without loss of generality, we assume
P1s-- s Pdt1-m € II. We prove ¢ € & by showing that assuming oth-
erwise leads to a contradiction. Namely, we assume that there exists no such

set in ¥y that contains (p1,81),. .., (Pd+1—m,Sd+1—m). Lemmal then suggests
that ﬂf\lzfm Frr (px,sx) = 0 (which implies ﬂf\lzfm Frugpy (Pa,s2) = 0) or
H (p1,81) ;- H (Pd+1—m> Sd+1—m) are not linearly independent. This contra-
dicts ¢ € JIHU{p}' O

With Theorem 2, we do not have to evaluate all the sets of d + 1 ele-
ments of (I U{p}) x {1,...,4} to compute ¥pypy, but only those in ¥ U
Py, UPY . For {(p1,s1),- -, (Pas1,Sav1)} € Ui, {(p1,51) 5, (Pag1, 8a41)} €
Yiru{p) is verified as soon as the corresponding (ao,...,aq) € Cjr satisfies
(@o,...,aq) € Rp. This is because that we have (ao,...,aq) € nij Fi7 (px, sx)
from (ao, . ..,aq) € Cr,and Fr7 (px, sx)NRy = Frrugpy (Passa) (A= 1,...,d+1).
For {(p1,51) ..., (Pa+1,84+1)} € PFp, (m = 1,2), on the other hand, we have to
check if ﬂiii H (py, sx) has the unique element (ag, . ..,aq), and (ag,...,aq) €

ﬂ‘iill Frrugpy (P, 5x). We remark that here it suffices to evaluate (ao, ..., aq) €

‘iill Fr1 (px, sx) (i-e., we do not have to verify (ao, . .., aq) € Rp) because py = p

for some A € {1,...,d + 1} so that we have (ao,...,aq) € H (p,sx) C R,. The
computational cost for evaluating (ag, . .., aq) € Ry, which is required for check-
ing if (ag,...,aq) € Fiz (px, $x), can be reduced by using the following property
of RH.

Let |J%r denote the union of all sets in Wyr. For II C {1,...,n}, then, we
define

max min h, ) (ao, ..., aq)
peEIl* s€ X1 (p) ’

Ry =< (ag,...,aq) € R4? <0< , (9
min  max h, (a0, .., aq)

peIl* s€ X1 (p)

where
H*:{peﬂ‘ (p,s)EUWHforsomesE{l,...,él}} (10)

and

En(p):{SE{l,...,4} ] (p,s)erH}. (11)
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Note that X7 (p) # 0 for p € II*. R} is equivalent with Eq. (4) where only
P(p,s) (a0, - .., aq) for (p,s) contained in |J¥y are involved. We now show that
Eq. (9) serves as a simpler form of Eq. (4) when Ry is bounded.

Theorem 3. For II such that Ry is bounded, R}; = Ryr.

Proof. Suppose that (p,s) € IT x {1,...,4} isnot in |J¥x. Lemma1 (in the case
of m = 1) then implies F7 (p, s) = (), which means that (p, s) does not contribute
to determining the boundary of Ryj. O

Since the theorems above hold true only when Rj; is bounded, it is impor-
tant to know when Rj; is bounded. We conclude this section by giving a sufficient
condition for which Ry is bounded. Recall that the coordinates of the pth data
(p=1,...,n) is denoted by (ip, jp)-

Theorem 4. Let I = {p1,...,pa+1} C {1,...,n} be a set of d + 1 data indices
such that ’im — ipu‘ > 1 for VA # p. Ry is bounded. For any IT" C {1,...,n}
such that IT' O II, therefore, Ry is bounded.

Proof. We show that a superset R, C Rt of Ry defined in the following is
bounded.
For A\=1,...,d+ 1, we first define

_ . _
. . . l
min +4) — i, +2') a
(2/y')ES (jp/\ Y ) ;( §2N ) l
R, =1 (ao,...,aq) € R™"! <0< 0
m
. . !
max (ij + y,) - (Zp,\ + I') ap
(="y)€s | =0

(12)

where S = {(2/,y') € R? | max {|2/[, |y/|} < £}. S is the square having (z1,¥1),

-+ (z4,y4) as its vertices. We therefore have R}, D R, . Since S is connected in
R?, the intermediate value theorem allows to rewrlte Eq. (12) as

d+1
B~ dao... ag) et | Un +0) =2 Gm+aVa | gy

1=0
for some (z/,y’') € S

We then define Ry, by Rj; = N4 R, which is written as

X’
d+1
/ a+1 | (J +y’)=i(i +25) @
Ry =< (ag,...,aq) € RYT px T IA s PA T A . (14)
for some (21,91),. .., (21, Y1) €S

R/, is therefore obtained by collecting (ag, . . .,aq) € R4 satisfying
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Algorithm 1. Discrete polynomial curve fitting.

Require: P,dand I C {1,...,n} such that R; # 0 and R; is guaranteed by Theorem
4 to be bounded.

Ensure: IT C {1,...,n} and Cp.

1: Initialize IT := any set of d + 1 elements of I satisfying the property in Theorem 4.
2: Initialize I1° := 0.
3: Compute ¥ and Cpy.
4: while I\ IT # () do
5:  p:= any data index in I \ II.
6:  Compute ¥rrugpy and Cryugpy by Algorithm 2
7. II:=ITU{p}.
8: end while
9: while {1,...,n}\ (HUHC) #0 do
10:  p:= any data index in {1,...,n}\ (HUHC).
11:  Compute ¥i7y¢py and Cryugpy by Algorithm 2
12: if WIU{p} 75 @ then
13: IT := 11 U{p}.
14:  else
15: mt =1 u {p}.
16:  end if
17: end while
18: return I7 and Cpy.
. ’ . / . 7\2 . /\d
Ip1 + vy 1 ZP1+‘T1 (Zp1+'r1) (Zm +LL‘1) ag
jP2 + yé 1 iPz + IIZ (ipz + ‘T/2)2 e (ip2 + xl2)d ai
Jpasr + Vi Vipgor + @1 (ipais +21)” -+ (s + 2l0)?) \aa
Pd+1 d+1 Pd+1 d+1 Pd+1 d+1 (15)

for all combinations of (1,4),..., (2} 1,¥}41) € S. Since the (d+ 1) x (d + 1)
matrix in Eq. (15) is a Vandermonde matrix, its determinant is given by

IT (G +a) = Gy +20), (16)

1<A<p<d+1

none of whose factors can be zero from ’ipu - im| > 1 for VA # u. For any fixed

(@ 0) s (@1 Yy) € S, therefore, (ao, ..., aq) is uniquely determined by
Eq. (15) to be a point with the coordinates of finite values. It follows from this that
R'; is bounded. O

4 Algorithm

4.1 Algorithm Ensuring Inclusion-Wise Maximal Inlier Set

Our method for discrete polynomial curve fitting, described in Algorithm 1,
requires an initial inlier set and ensures an inclusion-wise maximal inlier set con-
taining the initial set. The initial inlier set is represented by its corresponding
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Algorithm 2. Update of ¥;; and C; for an additional inlier.
Require: P,d, IT C {1,...,n},pe{1,...,n}\ I, ¥y and Cp.
Ensure: ¥y, and Crugp)-

1: Initialize ¥ := () and C := ().

2: for all ¢ € ¥;7 do

3 (ao,...,aq) := the point in Cp corresponding to 1.
4:  if (ao,...,aq) € Rp then

5: V=¥ U{¢}and C:=CU{(ao,...,aq)}

6 end if

7: end for

8: Compute ¢17, and ¢7, (Egs. (7) and (8)).

9: for all ¢ = {(p1,51),..., (Pa+1,Sa+1)} € Py, UPY, do
10:  if ﬂ‘f:l H (px, sx) has the unique point then
11: (ao, - - .,aq) := the unique point in (31} (px, sx)
12: if (ao,...,aq) € Ry NN F (pa,sx) then
13: v =¥ U{y}and C:=CU{(ao,...,aq)}.
14: end if
15:  end if
16: end for

17: return ¥ = Y,y and C = Crugpy-

index set I in Algorithm 1. The algorithm divides the data indices 1,...,n into
two classes IT and ITC: those for inliers are sorted into I7 , while those for outliers
into I7C. IT is first initialized to be a set of d + 1 indices in I, for which ¥ and
Cp are computed at low cost using Eq. (6). In the two while-loops, then, we add
new data indices to II one by one accordingly computing corresponding ¥; and
Cr using Algorithm 2. The first while-loop in Algorithm 1 is to obtain ¥; and C7,
where ¥ (,) in each iteration cannot be empty from R; # ) (Theorem 1). Note
that Ry is nonempty and bounded. The second while-loop is to obtain ¥; and C'y
for IT such that IT D I, where a data index p is sorted into it if Unugpy = 0, 1i.e.,
Rrugpy = 0 (Theorem 1).

Algorithm 2 shows how to compute Y7,y and Crrugyy for IT C {1,...,n}
and p € {1,...,n} \ I when ¥;; and Cp; are known. The algorithm evaluates
each set in ¥y U @, U &7, to check if it is in Wz (Theorem 2). The first
for-loop is to evaluate the sets in ¥z, while the second for-loop is to evaluate the
sets in @ U@ . Why a set in Uy U Py U SF ) is verified to be in Wrryppy
in this way is explained in Sect. 3.2 (after the proof of Theorem 2). In the second
loop we use Theorem 3 (R}; = Ryr) to reduce the computational cost for checking
if (ag,...,aq) € Frr (pa,$2) (= Rp N F (pa,sy)) for A=1,...,d+ 1.

Since Yirugpy # 0 if Rypugpy # 0 from Theorem 1, after the second loop in
Algorithm 1 we obtain an inclusion-wise maximal inlier set, which is equivalently
stated in the following theorem.

Theorem 5. Let I C {1,...,n} be a data index set obtained by Algorithm 1.
There exists no II' C {1,...,n} satisfying [I' D II and Ry # 0.



488 F. Sekiya and A. Sugimoto

The output of Algorithm 1 depends on the initial inlier set (i.e., I), and there-
fore how to determine [ is an important issue. Most straightforwardly we can just
set I to be random d + 1 data indices for which R; is bounded according to The-
orem 4, where Ry # () can be evaluated by computing C; (Theorem 1). Since our
objective is to maximize the number of inliers, however, it is better to give I that
is as large as possible. Note that Algorithm 1 outputs IT C {1,...,n} such that
II O I. To reduce the possibility of being trapped in a local optimum with a small
number of inliers, it is also important for I not to be contaminated with noise.
For the acquisition of such I, we can use a robust estimation algorithms such as
RANSAC [1].

The output of Algorithm 1 also depends on the order in which data are added
to the initial inlier set, i.e., how to choose p in Line 10. Choosing p corresponding
to an outlier for the optimal solution here may make it impossible for many data
to be added. The performance of the algorithm therefore might be improved by
incorporating a procedure to select a “good” p, which is out of the scope of this

paper.

4.2 Computational Complexity

We give the computational cost required for Algorithm 1. We remark that here we
discuss the computational cost depending the number n of data where the degree
d is treated as a constant. The computational cost for each iteration in the two
while-loops (i.e., the computational cost for Algorithm 2), depending on |II], is
written as ‘Wn U 4’}7,;) U Q%’p| multiplied by the computational cost required for
checking if a set in ¥y UL U BT is in Wpygp-

We first consider the order of |¥7|. We remark that ‘@}Y,A and |d5?77p| depend
on |¥p|: in fact, we generally have ‘@}Y’p’ = 4(d+1)|¥y| and ’@%A =
2("5") || = d(d+ 1) |¥pr]. Since a set in ¥y is composed of d + 1 elements
of IT x {1,...,4}, |¥r| is bounded by the number of ways to pick d + 1 elements

of IT x {1,...,4}, i.e, (2‘51') =0 <|H\d+1>. This upper bound is reduced by
removing sets of d + 1 elements of IT x {1,...,4} containing (p,s) and (p,3)

for any p € IT, s € {1,2} and 5 € {3,4} (such sets cannot be in ¥y, since
F(p,s) N F (p,3) = 0), which however does not change the order O (\H|d+1).

We next consider the computational cost for evaluating ¢ € W,y for ¢ =
{(p1,51) -+ (Pd+1,Sd+1)} € WHU@}M,U@%LP. For ¢ € ¥z, we only have to check
if the corresponding (ag, . ..,aq) € Cpy satisfies (ag, ..., aq) € R, which takes a
constant cost O (1). For ¢ € @}Y’p U @%’p, on the other hand, the computational
cost is O (|II]): we first have to check if (ag,...,aq) € ﬂiill H (px, sx) uniquely
exists (computational cost: O (1)), and if so, we then have to check if (ag, . ..,aq) €
N3 Fir (pa, s) (computational cost: O (|I1)).

Since O (|¥]) = O (|9}, UP%,]) = O (|H|d+1>7 the computational cost

for each iteration in the two while-loops is therefore obtained as O <|H \dH) X
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o) =0 (|H|d+2). In the first iteration |II| = d + 1, and in the last itera-

tion |II| = n — 1 at most. The theoretical computational cost for Algorithm 1 is
—1
therefore 337"~ 1 O (m*?) = O (n?+2).

5 Conclusions

We dealt with the problem of fitting a discrete polynomial curve to 2D noisy data,
for which we proposed a method guaranteeing inclusion-wise maximality of its
obtained inlier set. The method is constructed based on our investigation on the
properties of the feasible regions in the parameter space corresponding to input
data points. Evaluation of the practical performance of the proposed method is left
for future work. This work may be extended to implicit functions (f (z,y) = 0)
and surface fitting in 3D.

A Appendix: Proof of Lemma 1

Proof. Form =1,...,d,1let (p1,81),..., (Dm,sm) € IT x{1,...,4} satisfy (i) and
(ii) in Lemma 1. It suffices to show that there always exists (P41, Sm+1) € IT X

{1,...,4} such that Y7 Fiz (pr,sx) # 0 and H (p1,81) -« H (Prt1s St
are linearly independent. See Fig. 5 for an illustration of this proof.

Let (ap,...,a,;) € R be a point in Ny, F1z (px, s1). No proof is required
for the case where there exists (pm+1,Sm+1) € II x {1,...,4} such that
(ag,---,aly) € Frr (Dm+1,8m+1) and H (p1,81),- -, H (Dm+1, Sm+1) are linearly

independent. We therefore assume otherwise. Since Fyy (p,s) C H (p, s) for any
(p7 5)7 we have (a67 CER a;l) € mTzl H (pk7 5)\)' n;n:1 H (pka S)\) is a (d +1- m)_
dimensional flat (d + 1 — m > 1), and therefore we may consider a half-line
in Ny_, H (px, sx) running from (ay,...,a}). A point in the half-line is repre-
sented by (ag (r),...,a} (r)) where a) (r) = aj +rvy; (I = 0,...,d) with some
non-zero vector (vg,...,vq) € R4 and a non-negative parameter r € Rxq:
(ag (r),...,a (r)) = (ag,...,a)) for r = 0, and as we increase the value of r,
the point traces the half-line in the direction of the vector (vo, ..., vq).

Since Fiz (px,sx) (C Ryp) is bounded for A = 1,...,m, a large enough r sat-
isfies (af (r),...,a (r)) & Nyey Fir (px, ). Let r{ be the maximum value of r
such that any r < r} satisfies (a (r),...,a} (r)) € Ry (note that this may be
satisfied for some r > 7| when Ry is concave). Let 5, on the other hand, be
the maximum value of r satisfying (af (r),...,a} (1)) € iz, F (pr,sr) (note
that this is satisfied for any r < r4 since F (py, sx) is convex for A = 1,...,m),
where we put 5 = oo if it is satisfied for any » > 0. Then, v’ = min {r},r5}
is the maximum value of r such that any r < r’ satisfies (ag (r),...,al; (r)) €
Niey Fir (pa,sa) (vecall that Frr (p,s) = F(p,s) N Ry). We now show that
(ag (r') ..., ag (r")) € Fir (Pm+1, Sm1) for some (ppog1, Smy1) € 11 x {1,...,4}
where (Prm+1,Sm+1) # (Pa,sy) for A = 1,...,m. We remark that, for such
(Prm+t1y Sma1), H (p1,81) oy H (Pmt1, Sm+1) are linearly independent, since oth-
erwise it is impossible to have (ag (7'),...,al (r")) € H (pm+1,Sm+1) whereas
(@ (0) - -} (0)) & H (Pt Smr).
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2 r
1

Fig. 5. Illustration for the proof of Lemmal. We assume m = 1 here. Let the black
point depict (ag,...,ay) = (ag (0),...,ay (0)). As we increase the value of r from
zero, (ag (r),...,ay (r)) traces a half-line in H (p1,s1) running from (ag,...,ay). For
r = 7’ (intuitively speaking, just before (a( (r),...,al (r)) comes off Fir (p1, s1)), then,
(ag (1),...,ay (r)) isin Fr (p1,s1) N Fr (p2, s2) for some (p2, s2) € IT x {1,...,4}, so
that we have m = 2 with Fir (p1, s1) and Fir (p2, s2). (ag (7'),...,ay (r")) is depicted in
a red point. (Color figure online)

We first assume the case of v’ = 7] < rj: as we increase the value of r past
', (ag (r),...,a) (r)) gets out of Ry, i.e., Ry, ., for some py,41 € IT (recall that
Rir = Nyeqr Rp). We remark that prmy1 # p1, ..., pm for A = 1,...,m since any
r satisfies (a (r),...,al (r)) € H (px,sx) C Rp,. For this p,,+1, therefore, we
have (ag (r'),...,a; (")) € By,.,\»ie., (ag (r'),...,a5 (r") € F (Pm+1,5m+1)
for some spyp1 € {1,...,4}. (af (*'),...,a; (")) € F(Pm+1,Sm+41) N Ry =
Fr1 (Pm+1, Sm+1), accordingly.

We next assume the case of 7’ = 14 < r{: as we increase the value of r past r/,

(ag (1) ,---,ay (r)) gets out of F'(py, sx) for some A € {1,...,m}. Without loss
of generality, we assume that A = 1, and (ag (1) ,...,a) (r)) € By, forr <. We
then have
Ppy,sn) (ag (7). ay (1)) = 1{rr11ax }h(m sy (ag (r), ... ay (r) forr <7/,
se
(17)
while
Ppy,s1) (ag (1), ... ay (1)) < ?llax }hph s(ag (r),...,ay(r)) forr >1r". (18)
se€

This suggests that for some s} € {1,...,4}\ {s1} we have

0= Ripyon) (af () ... al} (1)) = h( Loy (a6 (7)o al (7))
= max g, (ag ('), aq (),

s€{l,...,4}
Note that h(,, s,) (ag (7),...,a5 (1)) = 0 (i.e., (ag (r),...,ay(r)) € H (p1,51))
1

is satisfied for any r. (ag (') ,...,al (")) € F (p1,s1) "R = Fyr (p1, s), conse-
quently. O

(19)
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